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SOME REMARKS ON THE FERMAT EQUATION 


YU-LIN CHOU 

Abstract. With elementary number-theoretic concepts we prove six results neighbor¬ 
ing on the Fermat’s theorem; at least one of these results in principle induces an ele¬ 
mentary proof of the Fermat’s theorem. 


1. Introduction 


By N we denote the set {1, 2,...} of all integers > 1; by P we denote the set of all 
primes > 3; let x,y,z G N. Interested in the existence of an elementary proof of the 
Fermat’s theorem, we give elementary proofs of the following theorems: 


Theorem 1. If p G P\ {3,5}, if gcd(x,y) = 1, and if x p + y p = z p , then there are 
a, 6, c G N such that gcd(a, b) = 1 and a p — 4 If = c 2 . 

Theorem 2. If gcd(x,y) = 1, if (z — y) \ x, and if z — y ^ 1, then x p + y p ^ z p for all 
p G P. 


Theorem 3. If gcd(x + y, z) or gcd(^ — y, x) or gcd(^ — x, y) is = 1, then x p + y p ^ z p 
for all p G P. 


Theorem 4. If z E P U {2}, then x p + y p ^ z p for all p G P. 

Theorem 5. If gcd(x, y) — 1 and if there is some p G P such that x p + y p = z p , then 

z + 2<x + y< 2 (z — 1). 

Theorem 6. If z — y or z — x is = 1, then x p + y p ^ z p for all p G P. 


Date: August 23, 2016. 

2010 Mathematics Subject Classification. 11D41, 11A99. 

Key words and phrases. Elementary number theory; Fermat’s last theorem. 

The author would like to thank Professor Wun-Yi Shu for commenting on one of the earlier drafts of 
the present paper. However, if the present paper admits any error, then I alone am responsible for it. 

1 Such an interest is not based on the ignorance of the fact that the Fermat’s theorem has been 
painstakingly proved. I hope that it could be an inspiration or even a stepping stone to make known 
that there exist elementary proofs of some comparatively general partial cases of the Fermat’s theorem. 
It would be a super intellectual pleasure for me to see that the Fermat’s theorem can be proved by 
elementary means. Existence of an elementary proof of the Fermat’s theorem may sound like a fairy tale 
to modern ears; however, it is not necessarily logically impossible. 
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It may or may not be surprising that the Fermat’s theorem followqj from Theorem 
1; Theorem 1.2 of [ IBS04 ] proves that, for every p G P \ {3,5}, there is no triple of 
a,b,c G N such that gcd(a, b) = 1 and a p — 4lf = c 1 2 . From another point of view, if 
we can prove this cited theorem elementarily, then by Theorem 1 we prove the Fermat’s 
theorem elementarily. 

The other theorems in the present paper are partial cases of the Fermat’s theorem 
with relatively mild restrictions imposed merely on the “indeterminates” x, y , z. Indeed, 
it would be more useful to take Theorem 5 as giving sharpened estimates for the term 
x + y and hence the term z 11 /(x + y). 

Although the cited results are deep, our arguments are elementary in the sense that 
used is no more than the ABCs of some concepts in number theory. 


2. Proofs 

Proof of Theorem 1. Since x p + y p = z p , there is some rational 0 < r < 1 such that 

x p = rz v and y p = (1 — r)z p , 


so 


9 ( xy) p 

r- -r + — = 0, 

z 2p 


and hence 


r = 


1 + \Jl — 4{xy) p /z 2p 1 — \/l — 4 (xy) p /z 2p 


or 


2 2 
therefore, the difference 1 — 4 (xy) p /z 2p > 0 is to be a perfect square. But 


4 (xyf 


v2 V _ 


4 [xyf 


z 2p z 2p 

and z 2p is a perfect square; if gcd(x, y) = 1 and if z 2p = 4(xy) p , then from the equation 
x p + y p = z p we have x = y, a contradiction; so there is some ceN such that 

z 2p — 4 (xy) p = c 2 . 

Take a := z 2 and b := xy\ then a, b G N and a p — 4If = c 2 . Moreover, by assumption and 
derivation we have gcd(a;, y) = gcd(y, z) = gcd(a:, z) = 1, so 

gcd(a, b) = 1. □ 

Proof of Theorem 2. We argue by contradiction; suppose there exists some counterexam¬ 
ple to the assertion. Then we have the inequality 

z < x + y 


2 Let Tp be the Fermat’s theorem; let Tm be the modularity theorem; let Tp be the cited Bennett- 
Skinner theorem; let Tp be Theorem 1. Since Tm implies Tp, since Tp uses Tm, and since Tp employs 
Tp, some may argue that it is not surprising that Tp and Tp turn out to imply Tp. 
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that follows from the relations (x + y) p > x p + y p = z p , and we have the inequalities 

x,y < z 

that follows from the implications x > z y < 0 and y > z x < 0 ; so there is some 
integer 1 < a < x such that 

z — y + a, 


and hence 

x p + y p = (y + a ) p , 


or equivalently 


If a | x and if gcd(E, y) 


x p - a? = 


v -1 

E 


P 


. \y J a p ~ J . 


1 , then there is some m G N \ { 1 } such that 
x = ma and gcd(r/, a) = 1 , 


so 


p -1 


x p -a p = ( m p - l)a p = ^ 


P . )y J a p 


dividing both sides of the second equality sign by a gives 

p -1 


[rrv 


-= E 


P \ j p-i-j 
)y a p J 


- ( P i jya p - 2 + ( P )y 2 a p - 3 + 


P 

p — 2 


2 / 

y p ~ 2 a + 


p . w- 1 - 

p - V 


if a 7 ^ 1 , then 

p- 1 / \ 

a | ( m p — l)a p_1 and a \ ^ \^ > .Jy j a p ~ 1 ~ :i , 

unless a = p. But the equality a = p is invalid; indeed, [ S77] proves that under the 
assumptions of Theorem 2, without further restrictions on a, we have 

a = 2 n s p ~H p 

for some n 6 { 0 , 1 } such that 2 n \ p and for some s, t G N such that s \ p. □ 

Proof of Theorem 3. Let there be some p € P such that x p + y p = z p . Since p e P and 
hence an odd integer, it follows that 

n -1 

+ yP = ( X + y) = Eh 

i =0 
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If gcd(a; + y,z) — 1, then the sum is ^ N, a contradiction. Similarly, since 

n —1 

- yP = x p = (z - y) /y 11 - 1 -* = x p , 
i =0 

if gcd(z — y,x) — 1 then the sum is ^ N, a contradiction. This argument applies to the 
case where gcd(z — x, y) — 1 . □ 

Proof of Theorem f. If there is some p G P such that x p + y p = z p , the proof of Theorem 

2 has shown that x,y < z and x + y > z\ in other words, we have 

z < x + y < 2z. 

If z G P U {2}, then, since z < x + y < 2z, we have gcd(x + y,z) = 1; hence by Theorem 

3 we have z^PU {2}. □ 

Proof of Theorem 5. Since gcd(x, y) — 1 and x p + y p = z p for some p G P, the proof of 
Theorem 1 gives 

gcd(x, y) = gcd (y, z) = gcd(a:, z) = 1 . 

Moreover, by the proof of Theorem 2 we have z < x + y < 2z; hence there is some 
r e {1,..., z — 1} C N such that 


x + y — z + r. 


By Theorem 3 we know that gcd(a: + y, z) > 2, so viewing the previous equality as the 
result of division of x + y by z gives 


gcd(a; + y,z) = gcd(z, r) > 2 . 


Then we get the improved inequality r > 2; for if r = 1 then gcd(z, r) = 1. Since 
r > 2 , we further have r' := (z mod r) > 2 ; for otherwise r > 2 and r / = 1 jointly give 
gcd(z, r) = gcd(r, r') = 1. Then r ^ z — 1, and hence we get the improved inequality 
r < z — 2. Now we have 

2<r — x + y — z < z — 2; 


that is, 


z + 2<o; + 2/< 2(z — 1). 


□ 


Proof of Theorem 6. Suppose there is some p e P such that x p + y p = z p . Then by the 
proof of Theorem 2 we have x,y < z and z < x + y, implying that 

1 < z ~ y < x, 1 < z — x < y. 

Moreover, by Theorem 3 we have 

gcd(a; + y,z), gcd(z -*y,x), gcd(^ -x,y)> 2 . 
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Now if z — y — 1 then gcd(a;, z — y) — 1; if z — x — 1 then gcd(y, z — x) — 1. □ 
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